Math 4200
Monday November 9

4.2 The Residue Theorems!

Announcements:
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the residue at zo,Res(g/h; z0) is given by
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where the vertical bars denote the determinant of the enclosed k x k matriz.

Table 4.1.1

Techniques for Finding Residues

In this table g and A are analytic at zp and f has an isolated singularity. The most

useful and common tests are indicated by an asterisk.
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Residue Theorem 1 (Replacement Theorem version, from Friday): Let f be analytic on
a region A, except on a finite set of isolated singularities {21, Zy5 - Zk} S A Let ybea

simple closed contour in 4 which contains none of the singularities, and which bounds a

a subregion B containing some of the singularities, in the counterclockwise direction.
Then

Jf(z) dz=2Tmi Z Res(f,zj).
Y ZJ,EB




Residue Theorem 2 (Deformation Theorem version.) Let Let f be analytic on a region
A, except on a finite set of isolated singularities {Zl, Zy - Zk} S A. Let vy be aclosed

curve which is homotopic to a point in 4. Then

k
Jf(z) dz=2Tmi ZRes(f, Z]) I(y; ZJ)

=1
Y J
For each isolated singularity z; we have the Laurent series

= = b,
S(2)=8.,(z) +S,(z)= D a (z—z)" + D, — "
J J1 J2 n—ofn( ]) = (z—zj)m

Because the z; are point singularities, the singular part of the series, sz(Z) converges in
C\ {z]), and the non-singular part converges for 0 < |Z — ZJ| < Rj for some positive

radius of convergence RJ..

Now consider

Explain why g(z) has removable singularities at each Z;, SO can be treated as being

analytic in 4.



Thus we may consider g to be analytic in 4, so since Y is homotopic as closed curves to
apoint in 4,

Jg(z) dz=0.
Y

Expand this to get the result!



Residue Theorem for exterior domains (This is our 3rd residue theorem). Let Yy be a

simple closed contour enclosing a region A, oriented counterclockwise as usual. Let K
be a compact subset in 4 (possibly empty), and let {z,, z,, ... z,} be points exterior to

Y. Let

STCN{KU {z, 7, ... 2,}} =C
be analytic. Then

n

Jf(z)dz= e i[Res(f; @)+ X Res(f zk)]

Y k=1
where

Res(f, ) = Res(—?f(%);O].

proof: Enclose Y and all of the singularities {z;, z,, ... z,} in a large disk of radius R
centered at the origin as pictured, and let Y be a circle concentric with the singularity z;
and of sufficiently small radius ; so that the closed disks they enclose are disjoint, and
don't intersect y or I',, the circle of radius R centered at the origin™~Qrient all curves

counterclockwise. Then apply the deformation/péplacement theorem for
holes.

domains with

You will arrive at an equation which is equivalent to

Jf(z)dz =-27 ikZlRes(f; Zk) + Jf(z) dz.
¥ -

1%
To evaluate the contour integral over I', do an analytic change of variables,

1 1 . S : : .1
= PR which will give you a contour integral over a circle of radius R
traversed clockwise. Evaluate this integral with the earlier versions of the Residue

Theorems and the result will follow. Analytic change of variables for contour integrals
is justified on the next page.



Theorem Analytic change of variables in contour integrals: Consider the contour
integral

J f(z)dz.
Y
Suppose there is an invertible analytic function g with range that includes vy, z=g({),

(=g !(z). Then the formal substitution z=g({), dz=g’ ({)d{ yields an equality of
integrals

[r@d = | rlelv) ' (0) at,

v g '(v)
proof: Let y:[a, b]— C be a parameterization of the contour on the left. Write
o(t) = g_1 (v()) to parameterize the contour on the right. (Assume vy is C' rather

than piecewise C ! for simplicity). Compute both contour integrals and use the chain
rule for curves to verify that the integrals agree.



Example of Residue Theorem for exterior domains: Compute

f 3247
¥ Z3+22—3

dz

where v is the circle |z] =2, oriented counter-clockwise as usual. First verify that all of
roots of the cubic denominator lie inside the circle, so we'll only need the residue at oo,

Res(f, ©) = Res(—?f(%);O].



Review notes for exam this Friday November 13.
Exam will cover 2.4-2.5, 3.1-3.3, 4.1-4.2, and implicitly use the earlier course material.

email me (korevaar "at" math.utah.edu) your preferred two hour time slot on Friday,
starting on the hour between 10:00 a.m. and 4:00 p.m.

I will email you a .pdf of the exam at the start time or a few minutes early. Unless you
tell me otherwise I'll email it to the return address of the email you send me.

Complete the exam and upload a .pdf of your solutions to Gradescope by two hours
after your start time. For insurance or if you have trouble uploading, email me a .pdf
within your time limit as well.

The exam is closed book, closed notes, closed internet etc. Your only resource is
yourself. I'll ask you to sign an honor-code like statement on the front of your exam
which will be part of what you upload to Gradescope.

As with the first exam there will be some required problems at the beginning of the
exam, and then you'll be asked to complete several substantial problems where you have
some choice about which problems to tackle. There will be a mixture of theorem
proofs/explanations, along with computations.

There is a practice exam posted in our CANVAS notes, and I'll go over it on Thursday
during office hours, starting at 2:00.



Topics:
2.4 Cauchy integral formula

Index [ ( Y; Zo )

C.I.F. for closed contour Yy contractible in a domain on which f(z) is analytic.
formulas and estimates for derivatives

Liouville's Theorem

Fundamental Theorem of Algebra

Morera's Theorem.

2.5 Maximum modulus principle and harmonic functions
Mean value property for f(z) analytic
Clever proof for harmonic conjugates in simply connected domains
Mean value property for harmonic functions
Maximum modulus principle for f(z) analytic

Maximum and minimum principles for harmonic functions



3.1 Convergent sequences and series of analytic functions

why uniform limits of analytic functions are analytic, and why the derivative of the
limit of analytic functions is the limit of the derivatives

Weierstrass M test

3.2 Power series and Taylor's Theorem
radius of convergence
term by term differentiation
uniqueness
analytic if and only if power series
isolated zeroes theorem
multiplication of power series

key examples

3.3 Laurent series

analytic in an annulus (including punctered disk case) if and only if Laurent series....
.where does each piece converge?

uniqueness

1solated zeroes classification
residue

multiplication of Laurent series.

geometric series wizardry.



4.1 Calculating residues at isolated singularities

fla) = £E- =1 -

HZNa " (z — zg )
simple poles
table will be provided

4.2 Residue theorem
statement and proof for y contractible in 4 via the deformation theorem

statement and proof if vy is a simple closed curve bounding a domain via
Replacement Theorem for domains with holes.

contour integral computations via the residue theorems

residues at o (I'll remind you of the formula if you have to use it.)



